Abstract. Calculation of the universal enveloping TROs of continuous JBW * -triples, and application of the techniques used to supplement the structural results of Ruan for W * -TROs.
Introduction
In 2004, Ruan [26] presented a classification scheme and proved various structure theorems for weakly closed ternary rings of operators (W * -TROs) of particular types. A W * -TRO of type I, II, or III was defined according to the Murray-von Neumann type of its linking von Neumann algebra. W * -TROs of type II were further designated as either of type II 1,1 , II 1,∞ , II ∞,1 or II ∞,∞ . Representation theorems for W * -TROs of various types were given in Ruan's paper (see Theorem 2.1 below), but with the possible exception of type II 1,1 (however, see the end of subsection 2.1).
The purpose of this paper is to shed some light on the structure of W*-TROs (Proposition 4.1), and in particular, those of type II 1,1 (Corollary 4.3), by using ideas from [11] , together with the well established structure theory of JBW*-triples (cf. [20, 21] ). A W * -TRO is an example of a JBW * -triple. Let us recall the structure of all JBW*-triples U: there is a surjective linear isometric triple isomorphism
where each C α is a Cartan factor, M and N are continuous von Neumann algebras, p is a projection in M, and β is a *-antiautomorphism of N of order 2 with fixed points H(N, β). A basic tool in our approach is the universal enveloping TRO T * (X) of a JC * -triple X as developed in [8] and its sequels [10, 11] . By [10, Theorem 4.9] , Corresponding to an orthonormal basis of a complex Hilbert space H, let J be the unique conjugate linear isometry which fixes that basis elementwise. The transpose x t ∈ B(H) of an element x ∈ B(H) is then defined by x t = Jx * J 2.1. Ruan Classification Scheme. If R is a von Neumann algebra and e is a projection in R, then V := eR(1−e) is a W*-TRO. Conversely if V ⊂ B(K, H) is a W*-TRO, then with V * = {x * : x ∈ V } ⊂ B(H, K), M(V ) = XX * sot ⊂ B(H), N(V ) = X * X sot ⊂ B(K), let
denote the linking von Neumann algebra of V . Then there is a SOTcontinuous TRO-isomorphism V ≃ eRe ⊥ , where e = In particular, if V = pM where p is a projection in a von Neumann algebra M, then
where c(p) denotes the central support of p (see [8, p. 965] Ruan's main representation theorems from [26] are summarized in the following theorem. A JBW * -triple A is said to be continuous if it has no type I direct summand. In this case it is known that, up to isometry, A is a JW * -triple, that is, a subspace of the bounded operators on a Hilbert space which is closed under the triple product xy * z + zy * x and closed in the weak operator topology. More importantly, it has a unique decomposition into weak * -closed triple ideals, A = H(W, α) ⊕ pV, where W and V are continuous von Neumann algebras, p is a projection in V , α is a * -antiautomorphism of W order 2 and H(W, α) = {x ∈ W : α(x) = x} (see [21, (1.20) and section 4]). Notice that the triple product in pV is given by (xy * z + zy * x)/2 and that H(W, α) is a JBW * -algebra with the Jordan product x • y = (xy + yx)/2.
A continuous JBW
* -triple of the form pM (which is a W * -TRO), is said to be of associative type, and is classified into four types in [21] as follows.
• II a 1 if M is of type II 1 and p is (necessarily) finite.
• II a ∞,1 if M is of type II ∞ and p is a finite projection.
• II a ∞ if M is of type II ∞ and p is a properly infinite projection.
• III a if M is of type III and p is a (necessarily) properly infinite projection.
A continuous JBW * -triple of the form H(W, α) (which is a JBW * -algebra), is said to be of hermitian type, and is classified into three types in [21] as follows.
• II herm 1 if W is of type II 1 .
• II herm ∞ if W is of type II ∞ .
• III herm if W is of type III.
Universal Enveloping TROs.
If E is a JC*-triple, denote by C * (E) and T * (E) the universal C*-algebra and the universal TRO of E respectively (see [8, Theorem 3.1,Corollary 3.2, Definition 3.3]). Recall that the former means that C * (E) is a C*-algebra, there is an injective JC*-homomorphism α E :→ C * (E) with the properties that α E (E) generates C * (E) as a C*-algebra and for each JC*-homomorphism π : E → A, where A is a C*-algebra, there is a unique *-homomorphism π :
The latter means that T * (E) is a TRO, there is an injective TRO-homomorphism α E :→ T * (E) with the properties that α E (E) generates T * (E) as a TRO and for each JC*-homomorphism π : E → T , where T is a TRO, there is a unique TRO-homomorphismπ :
In several places in the papers [8, 10, 11] , reference is made to the fact that the universal TRO construction commutes with finite direct sums of JC*-triples. More generally:
, that is, R is a TRO and β : E → R is an injective triple isomorphism such that (a) β(E) generates R as a TRO; (b) for each triple homomorphism π : E → T , where T is a TRO, there is a (necessarily unique) TRO homomorphismπ :
It is clear that R is a TRO, β is an injective triple isomorphism, and β(E) generates R as a TRO. Let π : E → R be a triple homomorphism. Then π i := π|E i is a triple homomorphism from E i to T , so there exists a TRO homomorphismπ i :
Since the E i are pairwise orthogonal ideals in E, the π(E i ) are pairwise orthogonal (triple) ideals in T and ⊕ i π i (E i ) ⊂ T , that is, σ has range in T . Moreover, it is easily verified that σ • β = π so thatπ may be taken to be σ.
The property of being universally reversible (cf. [11] ) will be important for our proofs. A JC-algebra A ⊂ B(H) sa is called reversible if a 1 , . . . , a n ∈ A ⇒ a 1 · · · a n + a n · · · a 1 ∈ A.
A is universally reversible if π(A) is reversible for each representation
and A is universally reversible if π(A) is reversible for each representation (=Jordan * -homomorphism) π : A → B(K). Since JC-algebras are exactly the self-adjoint parts of JC * -algebras, a JC * -algebra A is reversible (respectively, universally reversible) if and only if the JCalgebra A sa is reversible (respectively, universally reversible).
A JC
It is easy to check that if a JC * -algebra is universally reversible as a JC * -triple, then it is universally reversible as a JC * -algebra. Given a JC-algebra A , there is a universal C * -algebra B of A, analogous to the definition of C * (E) given above for JC * -triples E, with the following properties: there is a Jordan homomorphism π from A into B sa such that B is the C * -algebra generated by π(A) and for every Jordan homomorphism π 1 from A into C sa for some C * -algebra C, there is a For the convenience of the reader, the following theorem is stated.
Theorem 2.3. ([18, Theorem 4.4]) Let
A be a universally reversible JC-algebra, B a C * -algebra , and θ : A → B sa an injective homomorphism such that B is the C * -algebra generated by θ(A). If B admits an antiautomorphism ϕ such that ϕ • θ = θ, then θ extends to a * -isomorphism of C * (A) onto B.
The universal enveloping TROs of pM and of H(N, β)
The proofs of the theorems in this section are very short since several results from [11] are used, as well as one each from [8] and [17] .
3.1. The universal enveloping TRO of pM.
Lemma 3.1. Let W be a continuous von Neumann algebra, and let e be a projection in W . Then the TRO eW does not admit a nonzero TRO homomorphism onto C.
Proof. Suppose, by way of contradiction, that f is a nonzero TRO homomorphism of eW onto C. Since f (e) = f (ee * e) = f (e)|f (e)| 2 , either f (e) = 0 or |f (e)| = 1. The former case can be ruled out since for x ∈ W , f (ex) = f ((e1)(e1) * (ex)) = |f (e)| 2 f (ex) and f would be zero. If then f (e) = λ with |λ| = 1, then replacing f by λf it can be assumed that f (e) = 1.
For x, y ∈ W , f ((exe)(eye)) = f (exee * eye) = f (exe)f (e)f (eye) = f (eye)f (eye) and f ((exe) * ) = f (ex * e) = f (e(exe) * e) = f (exe) so that f |eW e is a * -homomorphism onto C and since f (e) = 1 = f , f |eW e is a state of eW e. Moreover f |eW e, being a * -homomorphism is order preserving and has the value 0 or 1 on each projection of eW e. It follows trivially that f is completely additive on projections and is therefore a normal functional by a theorem of Dixmier [ 
The universal enveloping TRO of H(N, β)
. Let E be a JC * -algebra. Similar to the construction of C * (E) when E is considered as a JC * -triple, there is a C * -algebra C * J (E) and a Jordan * -homomorphism
is the C * -algebra generated by β E (E) and every Jordan * -homomorphism π : E → B, where B is a C * -algebra, extends to a * -homomorphism of C *
Proof. By definition of C * J (E), there exists a * -homomorphism α E :
(It is enough to check this on the generating sets α E (E) and β E (E).) It follows thatα
Theorem 3.4. If N is a continuous von Neumann algebra, then
Proof. Let E = H(N, β). By [8, Proposition 3.7] , T * (E) = C for x ∈ A. By [17, Corollary 2.9] , N is the C * -algebra generated by θ(A), so that Theorem 2.3 applies to finish the proof.
Remark 3.5. [17, Corollary 2.9], which was used in the proof of Theorem 3.4, is a corollary to [17, Theorem 2.8], which states that if N is a von Neumann algebra admitting a * -antiautomorphism α and if H(N, α) sa has no type I 1 part, then N is generated as a von Neumann algebra by H (N, α) sa . The author of [17] was apparently unaware that [17, Corollary 2.9] was proved in the case of a continuous factor by Ayupov in 1985 [4] , and the theorem in this case appeared as Theorem 1.5.2 in the book [6] in 1997. The authors of [6] state on page 70: "Theorem 1.5.2 was obtained by Ayupov in [2] [3] [4] [5] . Different versions were given by Stormer [28, 29] and also in the monograph [19, Chapter 7] ."
Structure of W*-TROs via JC*-triples
Now suppose that X is a W*-TRO, and consider the space X with the JC*-triple structure given by {xyz} = (xy * z + zy * x)/2, so that X becomes a JBW*-triple. As noted in (1.1), there is a surjective linear isometry
where each C α is a Cartan factor, M and N are continuous von Neumann algebras, p is a projection in M, β is a *-antiautomorphism of N of order 2 with fixed points H(N, β).
The author acknowledges that in the following proposition, (a) is only a mild improvement of the results of Theorem 1.1, and Corollary 4.2 was proved by Ruan [26] without the separability assumption. However, the approach is different and has promise for future research (see section 5).
Proposition 4.1. Let V be a W * -TRO. (a) If V has no type I part, then it is TRO-isomorphic to eA ⊕ Af , where A is a continuous von Neumann algebra.
(b) If V acts on a separable Hilbert space, then it is TRO-isomorphic to
where A is a continuous von Neumann algebra.
Proof. For any W * -TRO, by (4.1), write V = V 1 ⊕ V 2 ⊕ V 3 , where V i are weak*-closed orthogonal triple ideals of V with V 1 triple isomorphic to a JBW * -triple ⊕ α L ∞ (Ω α , C α ) of type I, V 2 triple isomorphic to a right ideal pM in a continuous von Neumann algebra M, and V 3 triple isomorphic to H(N, β) for some continuous von Neumann algebra N admitting a * -antiautomorphism β of order 2. Since the triple ideals coincide with the TRO ideals (see [ 
Consider first V 2 . By Theorem 1.1(a), V 2 is TRO-isomorphic to eA ⊕ Af , for some von Neumann algebra A. In particular, V 2 is triple isomorphic to eA ⊕ f t A t = (e ⊕ f t )(A ⊕ A t ) and to pM, so by [21] , A ⊕ A t has the same type as M. It follows that A is a continuous von Neumann algebra.
Next it is shown that V 3 = 0. V 3 is triple isomorphic to H(N, β) and TRO-isomorphic to eA ⊕ Af , for a von Neumann algebra A. Thus the continuous JBW * -triple H(N, β) of hermitian type is triple isomorphic to the JBW * -triple (e ⊕ f t )(A ⊕ A t ), which is necessarily continuous and hence of associative type. By the uniqueness of the representation theorem for continuous JBW * -triples ([21, Section 4]), H(N, β) = 0. (For alternate proofs of the descriptions of V 2 and V 3 just given, using techniques from the theories of Jordan triples and universal enveloping TROs, see section 5.)
Finally, consider V 1 . It will be shown that if V has no type I part, then V 1 = 0, which would prove (a); and if V acts on a separable Hilbert space, then
, up to TRO-isomorphism, which would prove (b) and complete the proof of the theorem.
There are weak*-closed TRO ideals V α such that
, which is assumed henceforth. It is shown in [22, Lemma 2.4 and Proof of Theorem 1.1] that no Cartan factor of type 2,3,4,5,6 can be isometric to a TRO. It follows easily that L ∞ (Ω α , C α ) cannot be isometric to a TRO unless C α is a Cartan factor of type 1. Therefore each C α is a Cartan factor of type 1, and therefore V α is either zero, or triple isomorphic to L ∞ (Ω α , B(H α , K α )) for suitable Hilbert spaces H α and K α . Next consider V α for a fixed α. To simplify notation let U denote V α and W denote L ∞ (Ω, B(H, K)). By [10, Theorem 4.9] ,
and α W (x)(ω) = x(ω) ⊕ x(ω) t , for x ∈ T * (W ) and ω ∈ Ω. By Theorem 1.1(a), U is TRO-isomorphic to eA ⊕ Af , for some von Neumann algebra A. Since T * (U) is TRO-isomorphic to T * (W ), by Theorem 3.2,
The right side of (4.2) is a JBW * -triple of type I and thus by [13, Theorem 5.2] or [9, Theorem 4.2] , eA is a JBW * -triple of type I, which implies that A is a von Neumann algebra of type I.
Summarizing up to this point, V is arbitrary, and V = V 1 ⊕ V 2 + V 3 , where
where each A α is a von Neumann algebra of type I, and A is a continuous von Neumann algebra. Now suppose that V has no type I part. Then M(V ) has no type I part and the same holds for M(V α ). But M(V α ) is *-isomorphic to e α A α e α ⊕ c(f α )A α , which is a von Neumann algebra of type I, hence V α = 0. But it was assumed that V α = 0 so this contradiction shows that V 1 = 0 and (a) is proved.
To prove (b) consider again V 1 , and focus on a component on the right side of (4.3) for a fixed α, which is denoted, again for notation's sake, by eB ⊕ Bf where B is a von Neumann algebra of type I. Write
), e = ⊕ γ e γ , and f = ⊕ γ f γ so that
The reduction theory of von Neumann algebras ([15, Part II]) will now be used to conclude this proof, so assume that B acts on a separable Hilbert space. For a fixed γ ∈ Γ,
For notation's sake, for a fixed γ ∈ Γ, let σ = σ γ , µ = µ γ , e = e γ , Σ = Σ γ , H = H γ , and suppose H is a separable Hilbert space. For each n ≤ ℵ 0 , let Σ n = {σ ∈ Σ : e(σ) has rank n}, e n = e| Σn , and let K n be a Hilbert space of dimension n. Then
For each σ ∈ Σ n , let G σ = {all unitaries U : e n (σ)H → K n }, let G = ∪ σ∈Σn G σ , and then set
By the measurable selection theorem [15, Appendix V] , there exists a µ-measurable subset Σ ′ n ⊂ Σ n of full measure and a µ-measurable mapping η of Σ ′ n into G, such that η(σ) ∈ G σ for every σ ∈ Σ ′ n . It is easy to verify that for each σ ∈ Σ ′ n , T n,σ : e n (σ)x → η(σ)e n (σ)x is a TRO-isomorphism of e n (σ)B(H) onto B(H, K n ) and that {T n,σ : σ ∈ Σ ′ n } is a µ-measurable field of TRO-isomorphisms. Hence it follows that
By the same arguments, it is clear that also
). Recalling that B was one of the A α in (4.3), this completes the proof of (b).
Corollary 4.2 (Ruan). A W
* -TRO of type I, acting on a separable Hilbert space, is TRO-isomorphic to ⊕ α L ∞ (Ω α , B(H α , K α )).
Corollary 4.3.
A W * -TRO of type II 1,1 is TRO-isomorphic to eA ⊕ Af , where e, f are centrally orthogonal projections in a von Neumann algebra A of type II 1 .
Alternate proofs
Presented here are alternate approaches to the proofs of the assertions concerning V 2 and V 3 in the proof of Proposition 4.1(a), along the lines of the proof of the assertion concerning V 1 . The purpose for doing this is that, despite the fact that the proofs are longer, they illustrate the power of the techniques used from [8] and [11] .
Consider first V 2 . In what follows, it is assumed that V has no type I part. Recall that V 2 is triple isomorphic to a right ideal pM in a continuous von Neumann algebra M. For notation's sake, denote V 2 by V and pM by W . By Theorem 3.2, T * (W ) = W ⊕ W t and α W (x) = x ⊕ x t . By [11, Proposition 3.9]), and [11, Theorem 4.11]) W does not admit a triple homomorphism onto a Hilbert space of dimension greater than 2, and therefore the same holds for V .
Next it is shown that W does not admit a triple homomorphism onto C, and it follows that V does not admit a triple homomorphism,
